In this article we present computational results for the pressure in the human eye. Pressure computations for different flow rates of the aqueous humor, viscosity of the aqueous humor, and permeability of the trabecular meshwork are given. The fluid flow is assumed to be axisymmetric, and modeled as a coupled systems of Stokes and Darcy fluid flow equations, represented the fluid flow in the anterior cavity and trabecular meshwork, respectively. Rewriting the problem in cylindrical coordinates reduces the 3-D problem to a problem in 2-D. Computations are also given for varying angles between the base of the iris and the trabecular meshwork.
Introduction
In this article we numerically investigate fluid flow through the Anterior Cavity (AC) and the Trabecular Meshwork (TM) of the human eye. Of particular interest is the dependence of the pressure difference between the AC and the TM on (i) the flow rate of the aqueous humor, (ii) the viscosity of the aqueous humor, and (iii) the permeability of the TM. Our interest in modeling the pressure in the eye is due to glaucoma, the second most common cause of blindness in the United States, which in most cases is due to increased pressure in the eye [24] . An illustration of fluid flow through the eye is given in Figures 1.1-1.2. In the eye fluid is generated by the ciliary muscle, located along side of, and behind, the lens. The fluid then flows through the AC and the TM before exiting through the Canal of Schlemm.
The model geometry of the eye used in our numerical simulations is shown in Figure 2 .3. We assume that the eye is positioned looking up, and that the eye in this orientation is symmetric about the [31] .
vertical axis. Additionally we assume that the fluid flow is axisymmetric, enabling the fluid flow (through a change of variable to cylindrical coordinates) to be modeled as a 2-D problem.
There are a number of assumptions made in the construction of any computational model. Together with the symmetry assumptions mentioned in the previous paragraph, for the computations presented we assume that there is no temperature variation across the eye, the aqueous humor is a Newtonian fluid, the flow through the TM can be model using the Darcy fluid flow equations with the model parameter (the effective fluid viscosity) dependent upon the viscosity of the aqueous humor and a permeability value for the TM. The fluid flow in the AC we model using the Stokes fluid flow equations. In [13] existence and uniqueness of the the discrete approximation to the coupled Stokes-Darcy fluid flow problem in an axisymmetric domain was established, together with a priori error estimates. Numerical computations on a model test problem demonstrated that the approximations satisfied the predicted error estimates. The computations presented below used the same numerical approximation algorithm as studied in [13] .
Using the "lubrication theory" limit of the Navier-Stokes equations, together with the Boussinesq approximation for the buoyancy, buoyancy driven fluid flow in the AC, caused by a temperature gradient across the AC, have been investigated in [7, 11, 2, 15] . Canning et al. in [7] derived a closed form solution for the buoyancy driven flow and used it to investigate the motion and distribution of particulates in the AC. El-Shahed and Abd elmaboud [11] extended the model of Canning et al. by considering a slip-flow boundary condition for the velocity along the cornea. This model was further extended by Avtar and Srivastava in [2] wherein, along with a slip-flow boundary condition for the velocity, they also assumed a convection heat conduction boundary condition on the cornea. In [15] Fitt and Gonzalez studied fluid flow in the AC caused by a temperature gradient, flow generated by the ciliary body, and flow generated by lens tremors. A model for flow fluid through the TM was considered by Avtar and Srivastava in [3] . For the TM modeled as an annular cylindrical ring, they were able to construct closed form solutions for the 1-D model (function of the radial variable r) for the pressure and the fluid velocity.
Numerical simulation in 3-D of fluid flow through the AC and TM have been performed by Kumar [21] and Kathawate [19] . For their computational models they used the Navier-Stokes equations with the Boussinesq approximation together, with the energy equation, for the flow in the AC and used the Darcy-Forchheimer equations for the fluid flow in the TM. They modeled the TM as being comprised of two pieces, one for the uveal and corneoscleral meshwork and the other for the juxtacanalicular tissue.
Presented in the next section is the description of the computational model used for the eye. Section 3 describes the abstract mathematical formulation for the coupled Stokes-Darcy fluid flow problem in an axisymmetric domain, together with the numerical approximation scheme. Numerical computations for the difference between the average pressure in the AC and the average pressure in the TM as a function of the viscosity of the aqueous humor, the permeability of the TM, and the flow rate of the aqueous humor are presented in Section 4.
Computational model of the eye
An illustration of the computational model used for the eye is given in Figure 2 .3. The model geometry was constructed using [9, 10] and [28] . For the model we assume:
1. The radius of the inside of the cornea is 7.2mm.
2. The radius of the lens is 12.5mm.
3. The distance between the lens and the cornea along the vertical axis is 2.7mm.
4. The pupil aperture is 3mm.
5. The lower side of the iris has the same curvature as the lens. The top side of the iris is approximated as a straight line. The width of the iris is approximately 0.5mm, and we assume the iris attaches to the cornea. (Physically the iris attaches to the ciliary muscles very near the cornea.)
6. The gap between the iris and the lens is 0.25mm.
7. The length of the interface between the AC and TM is 0.6mm.
8. The width of the TM at the bottom is 0.1mm. 
Mathematical Formulation of Abstract Problem
In this section we describe the abstract mathematical setting for the numerical simulation of fluid flow through the eye. We describe the setting for the case of a specified inflow and outflow flow rate, which represents a degenerate boundary condition. For a rigorous mathematical description of the formulation see [13] .
LetΩ ⊂ IR 3 , denote the flow domain of interest. Additionally, letΩ f andΩ p denote bounded convex polygonal domains for the Stokes flow and Darcy flow, respectively. The interface boundary between the domains is denoted byΓ := ∂Ω f ∩ ∂Ω p . Note thatΩ :=Ω f ∪Ω p ∪Γ. The outward pointing unit normal vectors toΩ f andΩ p are denotedn f andn p , respectively. OnΓ lett 1 ,t 2 denote linearly independent unit tangent vectors. We assume that there is an inflow boundaryΓ in , a subset of ∂Ω f \Γ, which is separated fromΓ, and an outflow boundaryΓ out , a subset of ∂Ω p \Γ, which is also separated fromΓ. See Figure 3 .1 for an illustration of the domain of the problem.
We assume that the flow in the porous domainΩ p is governed by the Darcy's equation subject to incompressibility of the fluid, a specified flow rate (Ξ) acrossΓ out , and a non-penetration condition onΓ p .
For the Stokes flow:
3)
for e x , e y , e z denoting unit vectors in the x, y and z directions, respectively, andd(ȗ) := 1/2(∇ȗ + (∇ȗ) T ) represents the deformation tensor. In (3.1)-(3.4)ȗ f denotes the fluid's velocity,p f the pressure,f f an external forcing function, ν the fluid kinematic viscosity, and Ξ a specified inflow rate for the fluid.
For the porous domainΩ p :
In (3.5)-(3.8)ȗ p ,p p ,f p , denote the fluid velocity, pressure and external forcing functions, respectively. Additionally, in (3.5) ν ef f represents an effective kinematic fluid viscosity, andK the permeability (symmetric, positive definite) tensor of the domain. For simplicity, we let that there is a scalar function κ such that κI = ν ef fK −1 .
Across the interfaceΓ the flows are coupled via the conservation of mass and balance of normal forces. In addition, the Beavers-Joseph-Saffman (BJS) condition [4, 18, 30] is used for the tangential forces boundary condition onΓ.
where α 1 , α 2 denote friction constants.
The boundary conditions (3.3) and (3.7) are commonly referred to as defective boundary conditions, as they do not uniquely define a solution to (3.1)-(3.8). In Section 3.1 we present a weak formulation of (3.1)-(3.8) and discuss the existence and uniqueness of the weak formulation. At the end of Section 3.1 we comment that, in addition to (3.3) and (3.7), the weak formulation implicitly imposes additional boundary conditions forȗ f onΓ in and forȗ p onΓ out .
Function Spaces and Weak Formulation
In this section we introduce the function spaces needed to define the weak formulation for the coupled fluid flow problem described above.
LetΘ := Θ × [0, 2π) ⊂ IR 3 be a bounded domain formed by revolving the polygon Θ around the z-axis. For the axisymmetric formulation we introduce the following weighted function spaces and associated norms. For any real α and 1 ≤ p < ∞, the space α L p (Θ) is defined as the set of measurable functions w such that
where r = r(x) is the radial coordinate of x, i.e. the distance of a point x in Θ from the symmetry axis. The subspace 1 L 2 0 (Θ) of 1 L 2 (Θ) denotes the functions q with weighted integral equal to zero, Θ q r dx = 0 . We define the weighted Sobolev space 1 W l,p (Θ) as the space of functions in 1 L p (Θ) such that their partial derivatives of order less that or equal to l belong to 1 
For a domain Υ ⊂ IR 3 we use the usual definitions and notation for Sobolev spaces. For vector functions v defined on Υ expressed in cylindrical coordinates we use the notation v(r, θ, z) = v r e r + v θ e θ + v z e z = (v r , v θ , v z ), where e r , e θ , e z denote unit vectors in the r, θ, and z directions, respectively. Additionally, for v(r, z) defined on Θ we use v(r, z) = (v r , v z ) = v r e r + v z e z .
Let R φ denote a rotation with respect to φ about the z-axis. A functionv is axisymmetric if 
is well defined for smooth functions and (up to a factor of √ 2π) is an isometry. Hence the lifting v(r, z) ∈
is also an isometry (up to a factor of √ 2π).
For the case s = 2 introduce 
. Analogous to Lemma 2, we have the following relationship between
For the description of the fluid flow in Ω f , we introduce the space 1 V 1 (Θ), a subset of 1 H l (Θ), given by
The relevance of the space 1 V 1 (Θ) is apparent from the following lemma [1, 5, 23] .
In order to incorporate the homogeneous boundary condition for the velocity on Γ f , let
For convenience of notation, let
The underlying space for the fluid velocity in Ω p is H(div axi , Ω p ). However a function w in this space may not have sufficient regularity for its trace to exist on ∂Ω p . Hence, the interpretation of the boundary condition w · n| Γp = 0 needs to be carefully defined. Forv ∈H(div,Ω p ) we have that
, following Galvis and Sarkis [17] (see also [14] ), we define the operator v · n p ∈ 1 H −1/2 (Γ) via an extension operator E Γ λ. Specifically, foȓ λ ∈H 1/2 (Γ) the axisymmetric lifting of λ from Γ toΓ, defineȆΓλ := γ 0φ , where γ 0 is the trace operator fromH 1 (Ω p ) toH 1/2 (∂Ω p ), andφ ∈H 1 (Ω p ) is the weak solution of
where ·, · ∂Ωp denotes the 1 L 2 (∂Ω p ) inner product, extended to a duality pairing.
For the description of the fluid flow in Ω p , let
and
and denote the dual space of X by X * .
The axisymmetric weak formulation for (3.1)-(3.10) may be stated as:
where
In (3.21) α as is the friction constant from the BJS condition.
Equivalence of the Differential Equations and Weak Formulation
The weak formulation (3.17)-(3.24) is obtained by multiplying the differential equations by suitably smooth functions, integrating over the domain, and using Green's theorem. Additionally, integrals overΓ in andΓ out (arising from using Green's theorem) are replaced by β 1 Γ inv ·n f dS and β 2 Γ outv · n p dS, respectively. For a smooth solution the steps used in deriving the weak formulation can be reversed to show that equations (3.1)-(3.4), and (3.5)-(3.8) are satisfied. In addition, a smooth solution to (3.17)-(3.18) satisfies the following boundary conditions (see [16, 14] ).
Lets t onΓ in be given by 2νd(ȗ)n f = s nnf +s t , wheres n := (2νd(ȗ)n f ) ·n f . Then, smooth solutions to (3.5)-(3.8) satisfy
Finite Element Approximation
In this section we discuss the finite element approximation to the coupled axisymmetric StokesDarcy system (3.17), (3.18) .
Let Ω j ⊂ IR 2 , j = f, p, be a polygonal domain and let T j,h be a triangulation of Ω j . Thus, the computational domain is defined by
We assume that there exist constants c 1 , c 2 such that
where h K is the diameter of triangle K, ρ K is the diameter of the greatest ball included in K, and
We also assume that the triangulation on Ω p induces the partition on Γ, which we denote T Γ,h . Let P k (K) denote the space of polynomials on K of degree no greater than k, and RT 1 (K) := (P 1 (K)) 2 + xP 1 (K) denote the 1st order Raviart-Thomas (R-T) elements [29, 6] . Then we define the finite element spaces as follows.
The spaces (X f,h , M f,h ) represent the Taylor-Hood pair of approximation spaces. Analogous to the continuous formulation, we let X h := X f,h ×X p,h , and
For (X p,h , M p,h ) Raviart-Thomas approximation spaces for the velocity and pressure, unlike in the Cartesian setting, a p (·, ·) is not coercive, with respect to the H(div, Ω p ) norm, on
To compensate for this we add the term
to a p (u, v), where γ > 0 is a fixed constant, and define
In the approximation of Stokes and Navier-Stokes fluid flow problems in the Cartesian setting, the addition of the analogous term to (3.33) has received considerable attention recently as a means of improving the pointwise mass conservation of the approximation. (See [26, 27, 25, 22, 8] .)
Numerical Investigations
In this section we numerically investigate the dependence of the pressure in the eye on a number of physical parameters related to fluid flow in the eye. Of specific interest is the difference between the average pressure in the AC and the average pressure in the TM. An increase in this pressure difference would correspond to the eye experiencing more difficulty in balancing the fluid generated in the eye with the fluid leaving the eye through the TM.
Remark 1. The modeling equations (3.1)-(3.10) only determine the pressure up to an additive constant. Physically, this corresponds to the motion of incompressible fluids been driven by the pressure difference between two points, rather than the actual value of the pressure. Mathematically, to uniquely specify the pressure, it is convenient to impose the condition that the average pressure throughout Ω is zero. This condition was used for all the computations presented.
Remark 2. For the computation of the average pressure in the AC, AvgPreAC, we used the region of the AC given by the union of the triangles in Figure 3 .2 lying above z = 4.66. The average pressure in the TM, AvgPreTM, was computed using all of the triangles in the TM. The pressure difference between the average pressure in the AC and average pressure in the TM is denoted ∆P re = AvgPreAC -AvgPreTM.
Remark 3. We use the notation e-α to denote 10 −α , e.g. 3.31e-4 denotes 3.31 × 10 −4 .
Dependence of the average pressure on the "mathematical parameter" γ
The parameter γ occurring in the numerical approximation is introduced to ensure that the approximating system of equations is invertible. The parameter is not part of the modeling equations. In this section with the following parameter fixed: the frictional constant, α BJS = 1; kinematic viscosity in AC, ν = 0.66; permeability of TM, κ =2e-06; effective kinematic viscosity in TM, ν ef f = ν/κ; flow rate = 2.0 µL/min, the dependence of the pressure difference on γ is investigated. Remark: The mathematical parameter γ does not appear to influence the average pressure in the AC and TM. For all the computations given below the value of γ = 1 was used. 
Dependence of the average pressure on the Beavers-Joseph-Saffman tangential friction coefficient
The Beavers-Joseph-Saffman tangential friction coefficient relates the tangential component of the normal stress vector at the AC-TM interface to the tangential velocity in the AC at that interface (see (3.10) ).
The following table shows the average pressure in the AC and TM using parameter values: ν = 0.66; κ =2e-06; ν ef f = ν/κ; flow rate = 2.0 µL/min. Remark: Increasing the Beavers-Joseph-Saffman tangential frictional coefficient, α BJS , results in an increase in the difference between the average pressure in the AC and the average pressure in the TM.
Dependence of the average pressure on the viscosity of the fluid
In this section, the dependence of the pressure on the fluid viscosity ν is investigated. For the computations given the following parameter values were used: α BJS = 1; κ =2e-06; ν ef f = ν/κ; flow rate = 2.0 µL/min. ν AvgPreAC AvgPreTM ∆P re 0.61 -5.3064e-02 -2.3071e+01 2.3018e+01 0.66 -5.7427e-02 -2.4961e+01 2.4904e+01 0.71 -6.1791e-02 -2.6851e+01 2.6789e+01 0.76 -6.6155e-02 -2.8741e+01 2.8675e+01 0.81 -7.0519e-02 -3.0631e+01 3.0560e+01 Table 4 .3: Pressure dependence on fluid viscosity ν.
Remark:
The computations indicate that the difference between the average pressure in the AC and the average pressure in the TM increases as the fluid viscosity increases.
Dependence of the average pressure on the permeability of the TM
The permeability of the TM is represented by the parameter κ. Below are computations for the average pressures for permeability values κ =2e-05, κ =2e-06, κ =2e-07, κ =2e-08, and κ =2e-09.
The following parameters values were used: α BJS = 1; ν = 0.66; ν ef f = ν/κ; flow rate = 2.0 µL/min. κ AvgPreAC AvgPreTM ∆P re 2e-05 -2.1230e-01 -2.9939e00 2.7816e00 2e-06 -5.7427e-02 -2.4961e+01 2.4904e+01 2e-07 1.4873e00 -2.4463e+02 2.4314e+02 2e-08 1.6932e+01 -2.4410e+03 2.4241e+03 2e-09 1.7138e+02 -2.4404e+04 2.4233e+04 Table 4 .4: Pressure dependence on the permeability of the TM.
Remark: As the permeability of the TM decreases the computed difference between the average pressure in the AC increases and the average pressure in the TM increases. 
Dependence of the average pressure on the flow rate
Next we investigate the dependence of the pressure on the fluid rate of the aqueous humor. Computations using flow rates of 1.8µL/min, 2.0 µL/min, 2.02 µL/min, and 2.2 µL/min were performed. Remark: Increasing the flow rate the difference between the average pressure in the AC and the average pressure in the TM also increases. Indeed, a scaling argument shows that there is a linear dependence between the flow rate and the difference between the average pressure in the AC and the average pressure in the TM. The following values for the model parameters were used: α BJS = 1; ν = 0.66; κ =2e-06;ν ef f = ν/κ; flow rate = 2.0 µL/min. Table 4 .6: Pressure dependence on the attachment angle of the iris to the cornea.
Remark: Decreasing the angle of attachment between the iris and the cornea the difference in the average pressure in the AC and the average pressure in the TM increases.
5 Conclusion
